ABSTRACT. This paper deals with the study of Hofer-like geometry of a closed symplectic manifold (M, ω). Using the theory of flux geometry, we prove a norm comparison theorem which shows that there exists an explicit quadratic function T : R → R + ∪ {∞}, with the property that the Hofer norm of any Hamiltonian diffeomorphism is bounded from above by the image of its Hofer-like norm under T . This result implies a theorem that was proved by , and hence gives an alternative proof of a conjecture from Banyaga [2] . In particular, an explicit dependence of the constant found by Bus-Leclercq [5] with respect to the non-vanishing of the flux homomorphism is pointed out, and a classification of two contexts for the study of Hofer-like geometry of the group Ham(M, ω) is made. Moreover, we point out an influence of the non-vanishing of the flux homomorphism on the energy-capacity inequality theorem [8] , and compare both the symplectic displacement energy ([3]) and the usual displacement energy [9] with respect to the group Ham(M, ω).
INTRODUCTION
Recently Banyaga [2] introduced a norm on the group of time-one maps of all symplectic isotopies of a closed symplectic manifold (M, ω). This is a natural symplectic analogue of Hofer's norm [6] in the sense that when the symplectic flux homomorphism is trivial, then Banyaga's norm is Hofer's norm. A conjecture from Banyaga [2] which was solved in Bus-Leclercq [5] states that in general the restriction of the L (1,∞) −version of Banyaga's Hofer-like norm to the group Ham(M, ω), of all Hamiltonian diffeomorphisms is equivalent to the usual Hofer norm. However, as far as I know, this equivalence result does not tell us whether the Hofer-like geometry of Ham(M, ω) is the same as the Hofer geometry or not. In fact, it is well-known that two metrics on a given space can be equivalent, while they determine different geometries on the space in question (e.g. they can describe different geodesics). Indeed, since the vanishing of flux implies that the constant found by Bus-Leclercq is one, then one can for example, address the question to know in which manner the latter constant has a dependence in terms of the non-vanishing of the flux homomorphism, or more generally, how does this constant is liked to the symplectic form and a Riemannian metric on M ?
Now, "imagine a drop of water on the floor, it seems to flow, that is, a very small particle on this drop of water will be displaced (no matter as small as the effect of displacement is), next imagine the same situation where the drop of water (with the same small particle) is cycled with a certain oil so that there is no empty space between water and oil, then how does the presence of oil affect the displacement of the small particle along the floor by the water flow?"
The above drop of water can represent Ham(M, ω) in a certain manner, hence its flow can represent the possibility for the extension of Hamiltonian isotopies, while the oil can represent Symp 0 (M, ω)\Ham(M, ω) = ∅, i.e. a possible obstruction to the water flow ( an obstruction to the extension of Hamiltonian isotopies). Since the water flow is favorable to displacement, then any possible obstruction to the water flow could produce an effect of anti-displacement ("in a certain sense"). But, it is proved in [1] that the non-vanishing of flux homomorphism is an obstruction to the extension of symplectic isotopies. Therefore, the above arguments drive our attention to the following question: The main goal of the present paper is the study of Hofer-like geometry in view to clarify some of the above ambiguities.
A more general stimulating force for the results of the present paper comes from flux theory (maybe not at the first glance): it is known that for a closed symplectic manifold (M, ω) whose flux is non-trivial, the study of the flux geometry of the group Symp 0 (M, ω) reveals further information about the geometry of Ham(M, ω) (see [1] ). So, in the interest to better understand the Hofer-like geometry of Ham(M, ω), further investigations in terms of flux theory need to be done .
PRELIMINARIES
Let M be a smooth closed manifold of even dimension. In brief, a 2−form ω on M is called a symplectic form if it is closed and non-degenerate. Therefore, a symplectic manifold is a manifold which admits a symplectic form.
A diffeomorphism φ : M → M is called symplectic if it preserves the symplectic form ω. We demote by Symp(M, ω), the groups of all symplectic diffeomorphisms of (M, ω).
2.1. Harmonic 1−forms, [2, 10] . Let H 1 (M, R) denotes the first de Rham cohomology group (with real coefficients) of M , and H 1 (M, g) denotes the space of harmonic 1−forms on M with respect to a fixed Riemannian metric g. Denote by b 1 (M ) the first Betti number of M , and take (h i ) 1≤i≤b1(M) as a basis of the vector space
with the norm |.| defined as follows:
In addition, note that if we denote by |.| 0 the usual uniform sup norm of differential 1−forms, then
One can easily check that the non-vanishing of the constant E g is equivalent to the nonvanishing of the flux homomorphism. We denote by Symp 0 (M, ω) the group of time-one maps of all symplectic isotopies. For each φ ∈ Symp 0 (M, ω) we will write Iso(φ) to denote the set of all symplectic isotopies from the identity to φ.
It is clearly explained in [4] that any symplectic isotopy {φ t } can be written as φ (U,H) , where the pair (U, H) is called the generator of the symplectic isotopy {φ t }. The first component U is a smooth family of smooth functions, while the second component H is a smooth family of harmonic 1−forms. For instance, a symplectic isotopy φ (0,H) , is a harmonic isotopy, and a symplectic isotopy φ (U,0) , is a Hamiltonian isotopy (we refer the reader to [4] for more details).
2.3.
Smooth families of symplectic vector fields, [2] . Here we revisit a technique introduced by Banyaga [2] . Unless it is mentioned in the contrary, in the rest of this paper, by ♯ we denote the natural isomorphism induced by the symplectic form ω from the cotangent bundle T M * to the tangent bundle T M . Let symp(M, ω) be the space of symplectic vector fields, and consider X to be the space of all smooth curves,
with c(0) = 0, and c(1) is a Hamiltonian vector field endowed with the norm
where |, | stands for the norm defined in [2] on the space of symplectic vector fields. Then, equip the product space X × I with the following distance
On the other hand, consider (M, ω) to be the space of all smooth functions u : I × I → symp(M, ω) equipped with the norm
Now, we have the following mappings:
where G (s,t) is the 2−parameters family of symplectic diffeomorphisms obtained by integrating (U s,t ) s in the variable s, and finally (2.9)
The above mappings induce a map
where
for all (s, t) ∈ I × I. Hence, the map R is smooth as a composition of smooth functions, hence it is Lipschitz, i.e. there exists a positive constant K such that
, where R(0, 0) = (0, 0) (see [2] for more convenience). In the rest of this paper, we shall write κ to denote the infimum over the set of constants K which satisfy Relation (2.10). [2] . Banyaga [2] defined the L (1,∞) −version of Hoferlike lengths of a symplectic isotopy Φ = φ (U,H) , is defined by,
Banyaga's Hofer-like norms,
where the infimum is taken over the set of all symplectic isotopies Φ with time-one maps equal to φ. Therefore, the L (1,∞) −version of Banyaga's Hofer-like norm of φ is defined as,
When H 1 (M, R) = 0, then the norm . HL is the Hofer norm . H for Hamiltonian diffeomorphisms (see [2, 4, 6] for more details). [2] . For each 0 < ǫ < 1/12, pick a smooth increasing function a :
Concatenation of isotopies,
is equal to 0 (resp. 1). Then define two smooth functions as follows:
Now, given two symplectic isotopies Φ = (φ t ) and Ψ = (Ψ t ), one defines the right concatenation Φ * r Ψ of Φ by Ψ as follows;
The path Φ * r Ψ is a smooth symplectic isotopy from the identity to φ 1 • ψ 1 . Furthermore, a direct calculation gives, (2.14)
where F lux stands for the flux homomorphisms for symplectic paths defined in [1] . This means that if F lux(Ψ) = F lux(Φ), then the flux of the right concatenation
2.6. Comment on the constant κ. It is normal to think that the constant κ defined in Subsection 2.3 may depend necessary on the symplectic form ω. To clarify this issue, let's investigate a possible value of the constant κ for the 2−dimensional torus equipped with its standard symplectic form ω 0 . First of all, consider the 2−dimensional unit disk
centered at the origin, and consider the map
where r = x 2 + y 2 , and ρ : (0, 1] → R + is a C ∞ function which extends smoothly tō ρ : [0, 1] → R + . Now, observe that Ψ ρ : t → ψ tρ is a Hamiltonian isotopy that connects ψ ρ to the identity. Furthermore, Ψ ρ is generated by the smooth time-independent function
On the other hand, consider the torus T 2 with coordinates (θ 1 , θ 2 ) and equip it with the flat Riemannian metric g 0 . Then all the 1-forms dθ i , i = 1, 2 are harmonics. Take the 1-forms dθ i for i = 1, 2 as basis for the space of harmonic 1-forms and consider the symplectic form ω 0 = dθ 1 ∧ dθ 2 . Through a suitable Darboux chard, the path t → ψ tρ induces a Hamiltonian isotopyΨ ρ = (ψ tρ ) on T 2 such that
On the other hand, given v = (a, b) ∈ R 2 , the translation x → x + v on R 2 induces a rotation R v on T 2 , which is a symplectic diffeomorphism. Therefore, the smooth mapping {R t v } : t → R tv defines a harmonic isotopy generated by (0, H) with H = adθ 2 − bdθ 1 . Define a symplectic isotopy from the identity to
The smooth family of symplectic vector fields (Φ t ) satisfiesΦ 0 = 0, andΦ 1 is a Hamiltonian vector field. Compute, 
for all u, with
where a stands for the function defined in Subsection 2.3. Finally, we conclude that the constant κ ≤ K 0 may not depend on the symplectic form ω.
LOOPS IN Symp 0 (M, ω) AND HOFER-LIKE GEOMETRY OF Ham(M, ω)
Before getting to our main result, we present the following fact which shows in a certain sense the invariance of Hofer-like energy with respect to the operation of concatenation by loops. Pick φ ∈ Ham(M, ω), and for each Φ ∈ Iso(φ), consider the set:
where π 1 (Symp 0 (M, ω) ) stands for the fundamental group of Symp 0 (M, ω). Since φ is Hamiltonian, then for each Φ ∈ Iso(φ), the set Υ(Φ) is non-empty. This fact is supported by some results found in [1] which state that Ham(M, ω) is path connected by smooth Hamiltonian isotopies, and any path from the identity to φ has its flux in Γ.
We have the following fact. (l B (Φ * r Ψ)).
Proof. Pick φ ∈ Ham(M, ω), and derive from remark (2.1) that
for all Φ ∈ Iso(φ), and all Ψ ∈ Υ(Φ). Then, in relation (3.1), for each Φ ∈ Iso(φ) one passes to the infimum over the set Υ(Φ) in a first time, and next passing to the infimum over Iso(φ) in a second time yields,
But, φ being Hamiltonian, the set Iso(φ) contains at least a Hamiltonian isotopy (see Banyaga [1] ), and so, when the isotopy Φ ∈ Iso(φ) is Hamiltonian, then the trivial loop identity belongs to Υ(Φ), i.e, at a certain time the loop Ψ will take the value of trivial loop identity. That is, inf
This completes the proof.
The main result of this paper is the following theorem.
Theorem 3.2. (Norms comparison theorem). Let (M, ω) be a closed symplectic manifold. Then, for all Hamiltonian diffeomorphism φ we have the following facts:
The constants κ and E g respectively which appear in Theorem 3.2, are those defined in formula (2.10) and formula (2.2) respectively, while the choice of the fraction 1/6 is not a hazard, we will justify this along the proof of Theorem 3.2. As we shall see, the proof of Theorem 3.2 illustrate once more the interplay that exists between the flux theory and Hofer-like geometry. This theorem continues to hold is one replaces the L (1,∞) −norms by the L ∞ −norms because Polterovich [9] proved that the two versions of Hofer's norms are equal, and the author proved in [10] that the two versions of Hofer-like norms are equal.
Observe that since H 1 (M, g) is a finite dimensional vector space over the field R, in view to modify the value of κE g , the basis (h i ) 1≤i≤b1(M) can be chosen (or normalized) so that the product κE g belongs to either ]0, 1/6] or ]1/6, +∞[ (see Subsection 2.1). This means that the conditions on κE g in Theorem 3.2 are realistic. Of course, the above change of basis must be done before the definition of Banyaga's norm for symplectic vector fields because the latter norm occurs in the definition of the norm . HL . For instance, Theorem 3.2 implies that if a sequence (φ k ) of Hamiltonian diffeomorphisms converges to the constant map identity with respect to the norm , HL , then it converges to the same limit with respect to the Hofer norm , H . That is, there exists a positive constant D such that
for all Hamiltonian diffeomorphism φ. This agrees with Theorem 5.5 found in [5] . In the way that (3.6) is stated, it holds if one replaces the norm . HL by the norm . H , and hence, seems to hold for the same value of D even when the norm . HL reduces to . H . This is not the case in general as we shall see in the following section.
WHAT INFORMATION DOES THEOREM 3.2 CARRY OUT ON THE CONSTANT D?
Our main task in this subsection will be to prove that Theorem 3.2 does not only implies the existence of D, but also carries out the dependence of D on the non-vanishing of the flux homomorphism, ( i.e. in terms of E g ).
Assume that κE g > 1/6. Note that κE g > 1/6, implies E g = 0 (this imposes that the flux is non-trivial). If D > 12κE g , then the graphs of both smooth functions f D : x → Dx, and T 1 : x → 24κE g x x 2 + 0.25 1/2 always cross out of the origin at a unique point or we can choose D = 12κE g . Similar analysis can be done when 0 < κE g ≤ 1/6. Anyway, we see from the above arguments that Theorem 3.2 carries out the dependence of D with respect to the constant E g , i.e. D depends on the non-vanishing of the flux homomorphism. So far, this information was implicitly encapsulated in D as stated in (3.6).
HOW DOES THEOREM 3.2 IMPACT ON THE GEOMETRY OF DISPLACEMENT ENERGIES ?
Polterovich [9] proved that for each non-empty open subset A ⊂ M , the set d(A) of all Hamiltonian diffeomorphisms which displace A is non-empty. Let e S (resp. e) denotes the symplectic displacement energy (resp. the displacement energy) of non-empty open sets defined in [3, 9] . Formally, for any non-empty subset A ⊂ M we have
where the infimum are taken over the set d(A).
Here is a consequence of Theorem 3.2 which classifies two non-linear equivalents of the energy-capacity inequality with respect to the Hofer-like geometry of Ham(M, ω). 
Lemma 5.1 points out the influence of the non-vanishing of the flux homomorphism on the energy-capacity inequality theorem found in [8] . By the "non-linearity" we mean both quantities Gr(A) and Gr κ,Eg (A) are not linear with respect to the Gromov width of the set A. This illustrates that in the group Ham(M, ω), the passage from Hofer geometry to Hofer-like geometry is far from being linear as the following relation seems to suggest
. This is one matter of facts in Lemma 5.1.
The proof of Lemma 5.1 follows from the following direct corollary of Theorem 3.2.
Corollary 5.2. For all Hamiltonian diffeomorphism φ we have the following facts:
(1) if κE g > 1/6, then
Proof of Lemma 5.1. Assume that κE g > 1/6. Corollary 5.2 implies that
for all ψ ∈ Ham(M, ω). In particular, for ψ ∈ d(A), one derives from the energy-capacity inequality theorem [8] that
, where C(A) represents the Gromov width of A. Thus, (5.8) and (5.9) imply the desired inequality. Similar arguments hold for 0 < κE g ≤ 1/6. This completes the proof.
5.1. Geometric interpretation of Lemma 5.1. Geometrically, the usual displacement energies simultaneously tell us that in Hofer's geometry, if a Hamiltonian diffeomorphism ψ displaces a non-empty closed subset A ⊂ M, with an energy e(A), then in the context of Hofer-like geometry, the same Hamiltonian diffeomorphism ψ will displace the same set A with an energy e S (A). Lemma 5.1 tells us via the formulas (5.10) 0 < 0.5C(A) ≤ e(A), and
that the gaps of energies in each context can be formally expressed as the following "nonlinear" term:
whenever κE g > 1/6, and 
PROOF OF THEOREM 3.2
We shall divide this proof into two part : the first part deals with any closed symplectic manifolds with vanishing flux group (notice that compact symplectic manifolds with vanishing flux groups include oriented closed surfaces of genus bigger than one). Furthermore, Kedra-Kotschick-Morita [7] found a longer list of compact symplectic manifolds with vanishing flux group). Next, we will achieve the proof with respect to any closed symplectic manifold with non-trivial flux group. In fact, here, we shall use a suitable class of symplectic paths constructed as follows: for each Hamiltonian diffeomorphism φ, we shall pick an arbitrarily isotopy Φ ∈ Iso(φ), deforming it into another path isotopy Ψ ∈ Iso(φ) whose flux is trivial, and appeal to the first part to conclude. In general, the first part of the proof is inspired from the proof the nondegeneracy of Banyaga's Hofer-like norm, and the key ingredient through the whole proof of Theorem 3.2 is the flux theory [1] . Unless it is mentioned in the contrary, we assume in this proof that 1 < 6κE g .
Part (A):
Assume that the flux group Γ is trivial.
• Step (1). Let φ ∈ Ham(M, ω), and consider Φ = {φ t } to be any symplectic isotopy from the identity to φ. Since φ ∈ Ham(M, ω), it follows from [1] that F lux(Φ) belongs to the flux group Γ, and hence we see that F lux(Φ) = 0 since Γ is trivial. Remember that if Φ = φ (U,H) , then the harmonic isotopy in the Hodge decomposition of the path Φ is generated by (0, H) (see [2, 4] ). Since both paths Φ and ρ t = φ t (0,H) have the same flux, i.e. F lux((ρ t )) = 0, we derive from [2] that (ρ t ) can be deformed relatively to fixed endpoints to a Hamiltonian isotopy (β t ) generated by a smooth family of functions defined bȳ
where for each fixed t, z(s, t)(
(s,t) (x)), for all x ∈ M (see [2, 1] for more convenience).
• Step (2). For each fixed t, assume that x 0 is any point of M that realizes the supremum of the function x → |(
ω(z(s, t), v(s, t))ds)(x)|, and compute
for all t. Observe that the vector field the v(s, t) is the image of the element ((ρ u ) u , 1) under the map R, evaluated at (s, t), i.e.
Thus, one derives from (2.10) that
Hence, it follows from (6.2) that
Step (3). Let Θ = θ (U,0) be the Hamiltonian part in the Hodge decomposition of the isotopy Φ (see [2, 4] ). Since by assumption we have φ = ρ 1 • Θ(1), then one checks by the help of
Step (1) and Steps (2) that:
Note that in the above estimates, to pass from the first line to the second line, we use the fact that osc(f ) ≤ 2 sup x |f (x)|, while to pass from the second line to the third line, we use the fact that the function x → x 2 + 1 1/2 is increasing. Since the isotopy Φ was chosen arbitrarily in the set Iso(φ), one passes to the infimum in (6.6) over all the elements in Iso(φ) to get
where e 0 stands for the energy function defined in Banyaga [2] . Note that in the above estimate, we have used the fact that the function x → x x 2 + 1 1/2 is increasing and continuous everywhere. Therefore, we derive from (6.7)
Part (B):
Assume that the flux group Γ is non-trivial. First of all, note that φ ∈ Ham(M, ω) implies that for each Φ ∈ Iso(φ) there exists an element Ψ ∈ Υ(Φ) such that F lux(Φ) = F lux(Ψ). That is, the flux of the symplectic path Ψ −1 * r Φ is trivial (see Subsection 2.5). Therefore, under the assumptions that the time-one map evaluation of the isotopy Φ * r Ψ −1 is the Hamiltonian diffeomorphism φ, while the flux of the path Φ * r Ψ −1 is trivial, we use similar arguments as in the case of vanishing flux group to derive that
In relation (6.9), for each Φ ∈ Iso(φ) passing to the infimum over the set Υ(Φ) in a first time, and next passing to the infimum over Iso(φ) in a second time yields, . This completes the proof.
FINAL REMARKS
Since Ham(M, ω) is a normal subgroup in Symp 0 (M, ω), then Lemma 5.1 tell us that one possibility to elaborate a symplectic energy-capacity inequality theorem with respect to the non-vanishing of flux homomorphism could follow from an investigation of the following question. We see that if the answer of question ( * ) is affirmative, then relation (7.2) would imply an 1 2 ǫ−symplectic energy capacity-inequality result. However, we have not check whether the answer of question ( * ) is affirmative or not.
Question ( * ). Let

